In this paper, we consider the Einstein-massive gravity coupled to Yang-Mills gauge field in five dimensions. Concentrating on the static solutions with planar horizon geometry, we explore the thermodynamic behavior in the extended phase space and examine the validity of the first law of thermodynamics. We observe that although the topology of boundary is planar, there exist the van der Waals like phase transition for this kind of solution. We find the critical quantities and discuss how the massive and Yang-Mills parameters affect them. Furthermore, some signatures of the first order phase transition such as the swallow-tail behavior of the Gibbs free energy and divergencies of the specific heat are given in detail.
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I. INTRODUCTION
One of the interesting predictions of general relativity is the existence of black holes which are the most mysterious objects in the Universe. Black holes play an essential role in the path of finding new physics. Among the huge range of studies about the different aspects of these objects, observing similarity with the everyday thermodynamics is certainly astonishing [1] . As an interesting similarity, one may find a van der Waals like behavior for spherically symmetric charged AdS black holes [1] . This becomes possible with changing the role of black hole mass and defining a thermodynamic pressure term proportional to the cosmological constant. Correspondence between the black hole parameters and the fluid thermodynamic quantities, in this perspective, gives rise to a new picture of black holes called black hole chemistry. While the small-large black hole phase transition now mimics the role of liquid-gas phase transition. Regarding the thermodynamic pressure with thermodynamic volume as its conjugate quantity guides us towards the generalized first law in the extended phase space thermodynamics. Investigation of thermodynamic phase transition in the context of alternative theories of gravity is interesting, since one may encounter a new phenomenon which is not observed in Einstein gravity (for example see [2] ).
One of the highly successful extensions of the Einstein gravity is dRGT massive gravity [3] . This theory introduces a novel potential term by the contribution of some polynomial interactions and a reference metric which may lead to the mass term for the graviton. This version of massive gravity gives unique features to the theory and avoids the common instabilities observed in other theories with massive spin-2 field in their spectrum [4, 5] . The very basic question that how existence of mass for the graviton affects the thermodynamic behavior of black holes has been explored in the literature (see for e.g. [2, [6] [7] [8] [9] [10] and references therein). In this paper, * Electronic address: hendi@shirazu.ac.ir † Electronic address: j.azadeh.nemati@gmail.com we also consider black hole solutions of the dRGT massive gravity coupled with Yang-Mills field and investigate their thermodynamics.
One of the interesting ways for coupling matter to the gravity theory is using the non-abelian Yang-Mills gauge field. Criticality and possibility of phase transition have been discussed for black holes in the theories AdS-Maxwell-power-Yang-Mills [11, 12] , Einstein-Born-Infeld-Yang-Mills [13] , f (R) gravity coupled with Yang-Mills field [14] , Gauss-Bonnet massive gravity coupled to Maxwell and Yang-Mills fields [15] and Wu-Yang model of Yang-Mills massive gravity in the presence of Born-Infeld nonlinear electrodynamics [16] .
Black hole thermodynamics may have different behavior in higher dimensions. As an example, it was shown that [17] for charged topological black holes in the grand canonical ensemble, the van der Waals like phase transition could take place only for dimensions ≥ 5. The fivedimensional spacetime is important for different aspects; from it's verification as a candidate for unifying electromagnetic and gravity forces to appearing black hole solution with different horizon topologies [18, 19] .
In this paper, we focus on the Einstein-Massive gravity in the presence of the Yang-Mills gauge field in 5dimensions. Recently, the static solutions with planar horizon for this theory has been introduced in Ref. [20] . We are interested to discuss the thermodynamic aspects of these solutions in the extended phase space thermodynamics and looking for the possible van der Waals like phase transition.
The plan of the paper is as follows: In Sec. II, we give a brief review of the action with the planar AdS solutions. Then, we obtain the thermodynamic quantities. Investigation of the critical behavior and the van der Waals phase transition, as well as studying the effects of both massive and Yang-Mills parameters on the critical quantities are addressed in Sec. III. Furthermore, we show that the first law is valid for this kind of solution. Finally, we give the concluding remarks in Sec. IV.
II. ACTION AND THERMODYNAMICS
The action of 5-dimensional Einstein-massive gravity with negative cosmological constant in the presence of Yang-Mills source is as follows
where R and Λ are, respectively, the scalar curvature and the negative cosmological constant. The Yang-Mills tensor F
where e is the gauge coupling constant and A (a) µ is the gauge potential. The f (a) (b)(c) are gauge group structure constants and for the SU (N ) group, one has a, b, c = 1...N 2 −1. Regarding the last term of the action (massive term), c i 's are some constants and U i 's are symmetric polynomials of the eigenvalues of K µ ν = √ g µα f αν with the following explicit forms
We follow the reference metric ansatz f µν = (0, 0, c 2 0 h ij ) with positive constant c 0 and h ij = 1 b 2 δ ij , where "b" is an arbitrary constant with dimension of length. Hereafter, we follow the metric solution of the five-dimensional planar AdS black brane introduced in Ref. [20] 
where by introducing notation C i = m 2 c i 0 c i with i = 1, 2, 3, the blackening factor with the horizon radius r + and AdS radius ℓ = −6/Λ is
As we expect, in the limit of vanishing parameters for massive and Yang-Mills terms, the familiar form of metric function f (r) = r 2 ℓ 2 − r 4 + r 2 ℓ 2 for the 5-dimensional planar AdS spacetime is recovered.
Considering Eq. (4), we can compute the Kretschmann scalar
By applying Eq. (5), we find that there is a curvature singularity at r = 0 which is covered with an event horizon r + . So the solution can be interpreted as planar black brane. The first term of Eq. (5) is dominant for large "r" reflecting the fact that the asymptotic behavior of the solutions is AdS. In addition, it is observed that as r approaches infinity, the Kretschmann scalar goes to 40
which may confirm AdS nature of the solutions, asymptotically. However, in order to have the asymptotically AdS solutions, one has to check that the asymptotically symmetry group is the AdS group.
In the following, we are going to find the thermodynamic quantities for the above solution. For convenience, we report the results of conserved and thermodynamic quantities per unit dimensionless volume Ω 3 = V3 b 3 , where V 3 is the volume of the constant t and r hypersurface with the radius r + .
First we calculate the entropy of the solution. To do so, we use the Bekenstein-Hawking area law since we are working in Einstein gravity. The area of the horizon is given as
hence the entropy per unit volume Ω 3 is given by
In order to calculate the temperature, one can use the surface gravity formalism or analytical continuation of metric with its regularity at the horizon. For the metric of the form (4), both the mentioned methods lead to the following Hawking temperature
To find the ADM mass of the black brane in ddimensions, we read the term −16πG d (d−2)Ω d−2 M r d−3 in the blackening factor (5) . The volume of the (d − 2)-dimensional unit hypersurface, in our case, is Ω 3 = V3 b 3 and we set G 5 = 1. So the mass term per unit volume Ω 3 is
where "L" is an arbitrary length constant which is considered to have a dimensionless argument of logarithmic term.
It is worthwhile to note that the definition of mass used here is in agreement with the first law of black hole thermodynamics
III. CRITICAL BEHAVIOR AND VAN DER WAALS PHASE TRANSITION
In this section, we discuss the critical behavior of the introduced black brane solution of Eqs. (4) and (5) in the extended phase space. To work in the extended phase space, we consider the cosmological constant as a thermodynamic pressure defined as
In this regard, we first find the equation of state by substituting pressure (12) in the relation of temperature (9) as follows P = 3 8π
It is worth mentioning that, here, the equation of state is P = P (T, r + ) rather than P = P (T, v). Such situation comes from the fact that the specific volume (v) is related to the event horizon as v = (in 5-dimensions), and therefore, criticality in P − v diagram is equivalent to the criticality in P −r + plot. From this equation, we see that it is possible to define an effective (shifted) temperature T as below
To find the critical point in P − r + diagram, we attend the inflection point which is presented by these two equations
Solving these equations simultaneously, the critical quantities are obtained as
where Θ = 9C 2 3 + 24C 2 e 2 . As it is obvious, there are two branches for critical quantities, which are distinguished by the sign behind Θ. For the upper sign, we can show that there exists no acceptable critical behavior with real positive value for all the critical quantities. In other words, in order to have a positive critical horizon radius, it is necessary to consider negative C 2 such that 9C 2 3 + 24C 2 e 2 > 0 and positive C 3 . In this case, both the critical temperature and pressure are negative. Therefore, there is no acceptable parameter value to have physical critical behavior by the upper sign.
As it is known, the planar black branes in the Einstein-AdS gravity have no van der Waals phase transition and critical behavior. So the important concern is that obtaining the criticality of our solution may arise from the massive term or the Yang-Mills one or both terms. To enlighten such concern, we consider two below cases and do the criticality process again • m = 0 to have just Yang-Mills term • e = 0 to have just massive term After some calculations, one observes that in the first case, in agreement with the Einstein-AdS gravity, the criticality does not occur. Therefore, the Yang-Mills term cannot change the existence/absence of criticality. But the second case is different and the critical quantities are
We see that to have positive critical values, it is necessary to set C 3 < 0 and C 2 > 0. Hence, we get the result that existence/absence of criticality of the planar black brane solution comes from the massive term. It is also notable that although Yang-Mills term dos not have the main role for the existence/absence of criticality, it can affect the values of possible critical quantities. To study the effects of Yang-Mills and massive parameters on the critical quantities, two tables are given. In table I, it is observed that increasing "e" leads to increasing r c and decreasing T c and P c . While according to table II, we find that by increasing massive parameters C 2 and C 3 , r c decreases and T c and P c increase. Besides, as you see from Eq. (16), changing C 1 does not impress the critical quantities. It comes from the fact that the role of C 1 is only a shift in the temperature, and therefore, it does not have direct effect on the critical quantities. So, we put it aside from the characteristics of the tables.
To more explore the phase transition and its order, we need to calculate other quantities. In this regard, the Gibbs free energy per unit volume Ω 3 is as follows
and the specific heat per unit volume Ω 3 is given by .
In order to explore the van der Waals like phase transition, we plot some related diagrams in Fig. 1 . In this figure the van der Waals like behavior is plotted for the lower sign of Eq. (16) . The critical temperature is associated with the green dashed line and one can find the critical point r c = 0.44, P c = 1.03 for e = 0.5, m = 1 and c 0 = c 1 = c 2 = c 3 = 1(C i = 1). According to this figure, one can see a first order phase transition which is characterized by two divergencies of the specific heat and the swallow-tail of the Gibbs free energy for P < P c . The green line, associated with the critical pressure, exhibits divergency of the specific heat at the critical point in the middle panel and discontinuity in the first derivative of the free energy at the critical point G c = 0.07, T c = 1.4 in down panel. In the middle panel, the phase transition occurs between the stable small and large black holes with positive specific heat, neglecting the middle nonstable states with negative ones. The two discontinuities in first derivative of the Gibbs free energy which are seen in the swallow-tail are the place of occurrence of divergencies in the specific heat. By increasing the distance between two divergencies the swallow-tail will be bigger, which is indication of the size of non-physical region with negative specific heat and oscillating part in the P − r + diagram.
As we mentioned before, the mass term in (10) satisfies the first law of thermodynamics which in the extended phase space can be written as where the thermodynamic volume per Ω 3 is defined as
and conjugates to the massive parameters and the Yang-Mills coupling constant per unit volume Ω 3 are, respectively,
and e = ∂M ∂e r+,P,ci = − 3e 4π ln( r + L ).
Due to the existence of logarithmic term in the metric function, obtaining the Smarr formula is not a trivial task. To explore the Smarr formula, we need to define a new Yang-Mills variable
By substitution of this definition in the mass (10), one obtains the mass term per unit volume Ω 3 as M = 3 16π
where the temperature can be calculated as
We should note that there is not any effect of Yang-Mills term in temperature (the last term in Eq. (9) eliminates). It is notable that although it seems E depends on r + , such a temperature that can be calculated from both the surface gravity and the first law may confirm that we should interpret E as an independent thermodynamic quantity. In other words, one may adjust "L" such a way that the quantity ( r+ L ) is considered as a constant. By doing dimensional analysis (for example with the help of Eq. (25)), the Smarr formula has been verified
where now we have E = ∂M ∂E r+,P,ci = − 3E 4π . Please note that the massive parameter C 2 does not appear in the Smarr formula since it has no scaling and so it is not a thermodynamic variable. Moreover, for this reason, we can omit this parameter from the first law (20) . The role of the new quantity "E" in the smarr formula suggests that one may consider "E" as a thermodynamic variable instead of "e" with the following explicit form
IV. CONCLUSION
In this paper, we considered the Einstein-Massive-Yang-Mills gravity in 5-dimensions. We obtained the thermodynamic quantities for the planar AdS solution and showed that the first law of thermodynamics has been satisfied. By defining a pressure proportional to the cosmological constant, we performed the criticality analysis in the extended phase space thermodynamics. From the given equation of state, analytical relations for the critical quantities were computed. We found that there exists just one specific critical point for the given parameters which leads to physical critical behavior.
By studying the effects of Yang-Mills and massive parameters on the critical quantities, two tables were given which showed that increasing the Yang-Mills parameter ("e") leads to increasing r c and decreasing T c and P c . In addition, by increasing the massive parameters C 2 and C 3 the opposite behaviors have been seen. Moreover, since the critical quantities are independent of C 1 , its variation does not affect the critical behavior of the solution.
We also studied the phase transition and its order from some figures. According to the P − r + diagram, we observed a first order van der Waals like phase transition for T < T c . Furthermore, the existence of two divergence points in the C p − r + and also the swallow-tail behavior in the G − T diagrams are the characteristics of the first order phase transition. All of these remarks guide us to find this result that the planar AdS black hole can exhibit the van der Waals like phase transition between the small and large black holes. As we showed such behavior comes from the massive term of solutions, while it does not occur for the planar solutions of the Einstein-AdS and Einstein-Yang-Mills-AdS theories.
As a final comment, we should note that in order to have the van der Waals phase transition in Einstein-AdS, the existence of electric charge is necessary in addition to the spherical topology of the horizon (see Ref. [21, 22] ). Although there is no abelian charge in our solution, the existence of massive term in the Lagrangian is sufficient to have the van der Waals like phase transition.
As a future work, it is interesting to find other black string/brane solutions of the alternative theories of gravity with non-trivial horizon topologies and discuss the possibility of the criticality and phase transition. In addition, it will be useful to generalize the obtained solution to higher dimensions and study the effect of dimensionality.
